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If it is important that a certain mechanical system be in equilibrium,
then it is almost always necessary to choose the system parameters in
such a way that the equilibrium be not only stable but asymptotically
stable as well. Damping mechanisms are for this reason introduced into
certain components of the system, thus assuring the decay of oscilla-
tions. It may turn out, however, that for effecting asymptotic stability
in a mechanical system it is sufficient to introduce damping in not all
but only part of its coordinates. The steady-state motions may also
possess such a property. Such systems, asymptotically stable and subject
to the action of dissipative forces with incomplete dissipation, are
studied in the present paper.

In addition to the well-known theorems on asymptotic stability [1,21,
the theorem given in {3 ] is applied in the paper. A particulsr but basic
case of this theorem on asymptotic stability was formulated in [4]; 1t
was this theorem which accounted for the progress made in studying the
problem. We will note that this idea was expressed by Chetaev somewhat
earlier and was demonstrated by him with the aid of a particular example

[2].
Initially, we recall the theorem of Barbashin and Krasovskii.
Consider the equation of perturbed motion

dri/dt = X;(zy, ..., 2y, t) (0.1)

the right-hand sides of which X;{x;, t) shall be periodic functions of
time t and period 6 (or explicitly independent of t) definite and
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continuous in the region
sup(lz|--... 4 |z.) =2 |<<H, H=const, or H=102 (0.2)
(— o0 < 1<+ 20)

In addition, we assume that in each region ||z || < H, < H the func-
tions X; satisfy the Lipschitz conditions for the variaﬁles X, 1.e.

[ X", t) — Xg (s )i T Ly | o — 3§

Theorem. If the perturbed equations are such that it is possible to
construct a function v(x, t) (periodic in time t with period € or ex-
plicitly independent of time) which is positive-definite, has an infinitely
small upper bound in the region (0.2), satisfies the inequality

in the region x| {H, 0-{t<0)<inf(v for |z|=H,) (Hy>H, > H)

and if in addition the function is such that its derivative satisfies the
following conditions:

1) Derivative dv/dt < 0 in the region (0.2);

2) Derivative dv/dt may be equal to zero only at points of the set M
not completely containing the half-trajectories of the system (2.1)
x(xo, ty, t), 0 < t < o (with the exception of solution z; = 0), then
Fhe soluti09 x;=01is asymptoti?ally stable an the regioh || x| < H,
is located in the attraction region for the point x = 0.

1. Consider a holonomic mechanical system with stationary constraints
subject to forces having a potential function independant of time. Suppose
the system is in equilibrium where the combination of second-order terms
in the potential function expansion is a quadratic form

. n
U = 2 Bijqi(/j
i=1

negative-definite with respect to q;, ..., g,, the variations of the
holonomic and stationary coordinates of the system in the neighborhood
of equilibrium. Such an equilibrium will be stable according to a
theorem of Lagrange.

Let the system be subjected to the dissipative forces R,_,, ,...,R,

with partial dissipation along the last n — k coordinates A k4 10--+19n
such that

n |
¢ 1 .- a 1
Ry = — 0i9.¢. = — = F
99; 2 ij=‘n§—]k+1 R 9g; 2
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. Here F is a negaFiYe-definite quadratic form of q,_ 4., ..., 4,
with constant coefficients.

If 82T is a combination of terms of second order in the kinetic energy
expansion then, on the strength of (1.1)

48T — 0 = F

and the motion is stable as well as asymptotically stable with respect
to qn_ ke 11 o0 qn [51. According to the theorem of Barbashin and
Krasovskii the motion will be asymptotically stable if Equations (1.1)
possess no trajectories fully located in the region q,_ . 1= qn_p4 1"

.y 9, = 9. If the equations of first approximation do not possess
such a trajectory, then the motion will be asymptotically stable on the
strength of the system of first approximation, which we will take in the
form solved with respect to g;

. S aF L, o, |
Gi=ougs + o Famg, X By U=hom (LD
j=n—k+1 j

These equations possess the indicated particular solution if in the
first n - k equations, where q,_,.,, ..., g, are assumed constant,

there exists a particular solution satisfying the equations

.. o o
q9; = ai1q1 + et L + aivl—k+1q11—l\‘+l e T Findn

(i=1,2,...,n—k)
0=ayq + .. .+, 9T+ ain—k+1qu—k+1o + +a,9, (1.2)
(i=n—k+1,...,n0)

Any particular solution of the first n — k equations for g, = q.°,
+» 9y p4+1=9n—k4+ 1+ --- can be expressed as a sum. This particular
solution will be formed from the solution of the system

qz- = a;19, + ... ‘I— Ain—kIn—k
and some constant components ¢,°, ..., q,_ 4 which will be found from
the equations
o __ [} _ . [e] 4
an@’+ oo T G Gy = T G Inih T Cinn (1.3)
(i=1,...,n—k)

They will always be found uniquely, since the determinant of the last
system is known to be nonzero and 82U was assumed negative-definite.
These constants ¢,°, ..., q,_,° must necessarily satisfy the system
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g°=0 (i=n—k-4+1,...,n (1.4)

inin

ailq1°-}-...+a

and, consequently, must satisfy the system (1.3), (1.4). Therefore
g;° = 0 are all zero, since the determinant of the system is nonzero.

Thus the question has been reduced to the existence of a solution for
the system

iji =aqt+...+a, ,q. , (=1,..,n—k)
located in the region
¢+ ... +a, .9, ,=0 (=n—k+1,...,n)
If such a solution exists, then along it one must have

=ajp(aug + ...+ anag) + oA Ginek (@ka® + - - T Gk, )
(i=n—k-+1,..., n) (1.5)

and furthermore all linear forms obtained by twofold, fourfold, ...,
2n-fold differentiation are equal to zero on the strength of the first

n—k equations where 9p_p4+1=90, ..., g, = 0. These forms are
n—~k
. 2 TC TN e S SR Y M (1.6)
1,7,8=1
n—k
E @ @, 1@, 0 s By G + ...+ Ay v By Gy = 0

If among them there are n — k independent ones, then this means that
such a non-trivial solution does not exist and the motion is asymptotic-
ally stable, since on the strength of the first approximation the
asymptotic stability can occur only when all characteristic exponents of
that system have negative real parts.

Let g, _ 4., ..., g, be expressed by means of normal coordinates Xy,
., %, as

qizbilzl—}—...—[—binxn (i=n—k+1,...,n) (1.7)

The equations of first approximation in normal coordinates are of the
form

. oFr
X = kixi + —
dx;

1
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whereby the dF/&ii vanish when dn__ 1= o0 = én = 0. Differentiating
each of the linear forms (1.7) 2p; times we obtain the equations

buh'z, + ...+ bz, = 0 (=1....pgi=n—k+1,...,n (1.8)

It 1s easy to note that Equations (1.2), (1.5) in conjunction with
Qe k41 = =g, =0, (1.6) are equivalent to (1.7) in conjunction
with (1 8) since they follow from the same equations differentiated
several times in view of the same system of differential equations.

Any minor of order p; in the ith group of equations (1.7), (1.8) is
of the form of a Vandermonde determinant [6 ]

det | by;PAPPi = [[  by(Mi—Ay)  (r;=04,...,n—1)

R<j=ju---u im

Consider initially the case k = 1. Differentiating 2n — 2 times the
equation

bmxl SR bnnxn =0
we will obtain n linear forms with the determinant D = || b, S, i- 1”
(ij=1, ..., n).
According to Vandermonde’s theorem
D=by,....bn |[ (=1
1<i<jgn
This determinant will not be zero if there are no zeros among b and

A

if there are no equal quantities among A, ..., e

Let k = 2. Differentiating 2(p, - 1) and 2(p, — 1) times the equations

bn_l_lxl + ... —{_ bn—l,nxn = O
bortt + ... F bz, =0

we will obtain a system of Py + Py = n linear forms with the determinant

D,

i
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Taking the minors of order p, from the first p; rows, multiplying them
by the minors of order p, from the last p, rows and adding we will ob-
tain, according to Laplace’s theorem, the required determinant.

If the minor of order p; consists of the columns with numbers j,?*,
oy jpls’ then the minor of order p,, by which it is multiplied, con-

sists of the columns with numbers ils, vy ip $ where the numbers jls,
2

$i.8 i * assume values of 1 to n. Their product can be

e Jp h T e By
expressed in the form

PR N R ]1 (M — Aj) [<[J (M —7y)
J.]_sy--ujp‘s 'i]_ ..... ip"

Summing these expressions over all possible s we obtain the determin-
ant D,. If among the principal frequencies of the system there are three
equal to each other, then the last determinant is equal to zero. Indeed,
in any division of A;, ..., A, into two groups, the equality of any two
numbers in any one group results in vanishing of the above products. It
is easy to show that if it is impossible to indicate more than two equal
principal frequencies A;, then by a suitable choice of two linear combi-
nations q,_,; = ¢, = 0 it is possible to succeed in preventing their de-
terminant D, from vanishing.

Indeed, let us consider pairs of equal principal frequencies and
divide the frequencies into two groups in such a way that no pair would
completely fall into any one group. If there are g such pairs, then de-
noting by A;, ..., Aq the principal frequencies of the pairs we will con-
sider two linear forms

br1121 4+ - oo, F ba1. g% =0
bn.q—f-lxq—{—l —I— cee b,mxn =0

Differentiating the first form 2(q — 1) times, and the second
2(n - ¢ - 1) times, we will obtain a system of forms with the determinant

Dy=b,_ eeoby bt I =2 IT =2y

1<i<j<g +1<i<ign

It will not be equal to zero if no b b, is equal to zero.

n—1,t" “ni

If we have k linear forms

by, L+ ...+ bpa, =0 (i=n—k+1,...20)
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while among A, ..., A, there are k + 1 equal to each other, then for
any p; + ... + pp = n all linear forms obtained by means of 2(p, - 1)-
fold differentiation from the jth form in conjunction with the given k;
forms will be linearly dependent. Indeed, the determinant of these forms
can be represented, in accordance with Laplace’s theorem, in the form of
a sum of products of the type

B, I[ i—2p...., 11 (M — Aj)

1<i<ji<m Pr—1<i<i<pg

If among A; there are k + 1 equal to each other, then for any distribu-
tion of them into k groups, one group will certainly contain a pair of
equal A;. Therefore, the products will vanish, including the determinant
D, If there are no more than k equalities, then, distributing all A into
k groups

/U VA ST VRS VTR -

in such a way that no one group would contain two equal numbers, we ob-
tain the result that the linear system

b'n——k+l.1x1 + ...+ bﬂ—k—’rl.bxxm =0
bokteptrfrtit - o Onopoptp, =0
b"-(?]f_l—f—l). Tppq+1 +...+ bn,n-'rn =0

which is obtained after 2(p; — 1)-fold differentiation of the (n — k +
j)-th form, will lead to a system of forms with the determinant

Dk = bn_k+1,1 y ooy bn—k—i—l.p.» “ ey bnn H (7\,1—7\,]), sy H (}\'1—%’))
1<i<i<yy Prp_1<i<ign

which 1s nonzero if no bij 1S nonzero.

As is known, any normal oscillation of a system of first approxima-
tion can be expressed in the form

z; = Ascos Y [hi| ¢ + Bysin VM| ¢

In order that this solution at all times satisfy the equality

b{[x1+---+binxn=0 (i=n—Fk+1,...,n)

it is necessary that these equalities be at all times satisfied by all
of their time derivatives as well.

Differentiating each of the equalities 2(p; — 1) times and letting
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t = 0, we find that A;, B; are dependent on the equalities

b“}»zs_l/l —‘l'_ v e _!’— b{n}\tns—lAn == O (L n—=k +1 )
bil)"ls_lBl JT e _i' bin}\ns‘“:Bn = U (S a 1 T Pl)

Multlplylng each jth column of the determinant in the second system
by A.1/2 it is easy to see that we will obtain identically the determi-
nant of the first system. It is also easy to see that it coincides with
the determinant which was studied above. If this determinant is nonzero,
then it is clear that no non-trivial solution satisfying these equalities
exists.

All further differentiations lead to the conclusion that A;, B;, Ail/z

satisfy the one and the same infinite system of equations with the matrix
(beshs™) ((=n—k+t,. .. onj=1..., cnps=1,2,..)

which represents identically the matrix of the system (1.7), (1.8); the
system (1.7), (1.8) can be obtained by linear substitution from Equations
(1.2), (1.5), (1.6) and the equations q,_, ;= g, = 0. It is obvious
that these equations will certainly have a non-trivial solution if among
the principal frequencies of the system there are k + 1 equal to A,

= Ap, 1, and if it is assumed that Ak+—2 =...=4,=0, while for
the def1n1t1on of A;, ..., Ay, , one writes the equation

bilAl’i‘ et bi].-J,-l-"‘k—*—l =0

These equations will necessarily have a non-trivial solution, and in
the fulfilment of these equations and the condition B; = 4; /A 172 the
linear forms ¢, 4,4, ..., g, will become zero identlcally in t, as also
their time derivatives. Consequently, in the presence of k + 1 equalities
of A; in the system (1.1), there will always be at least one non-vanish-
ing solution.

Let us formulate the result.

Theorem. 1) In order that partial dissipation along k < n coordinates
of a system render asymptotically stable in the first approximation the
isolated and stable position of equilibrium of a mechanical system, in
the presence of only potential forces, the potential function expansion
of which in the neighborhood of the equilibrium begins as a definite
negative quadratic form, it is necessary and sufficient that the equa-
tions ¢, _ 4, ;= ... = g, = 0 and Equations (1.8) which are obtained
from them by differentiation on the strength of the system of first
approximation, would have a matrix of rank n. This condition will be
sufficient for asymptotic stability on the strength of the exact equations.
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2) If there are k + 1 equal frequencies among the principal frequen-
cies of first approximation, then no dissipation along any k coordinates
will make the equilibrium asymptotically stable in the first approxima-
tion. )

3) If there are no more than k equal principal frequencies, then it
is always possible to indicate k such generalized coordinates, the in-
troduction of partial dissipation along which will result in asymptotic
stability of the equilibrium g; = 0.

The theorem of Barbashin and Krasovskii can be interpreted as follows
when it is applied to a mechanical system of the type considered.

If one imposes upon a mechanical system certain constraints

bilxl —%" .. ”{‘ binxﬁ = O

where x,, ..., x, are normal coordinates of the system, then the Lagrange
equations of the first kind will be of the form

ri= MmO 0bs 4 Xy (1.9)

j=n—k-H1

Where X; are terms of higher than first order.

In accordance with the proof of Barbashin and Krasovskii it is suffi-
cient for asymptotic stability that there be no solution of the system

2; = Ay - X (i=1,...,n)
fully located in the region
byry -~ .. A by, =0 (i=n—k-+1,...,n0)
if the dissipation is introduced along the coordinates
q; = buzy + . .. - biat,

Let these conditions be satisfied. This means that the system (1.9)
has no solution along which

> 8bji =0 (=1,....n)

j=n—k+41

at all times during motion. It follows necessarily from these equations
that there is no solution along which all 6. would become zero. The
quantities 6. may be interpreted as the constraint reactions, as follows
from the theorem.
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If it is possible to apply additional constraints upon the type of
system considered in such a way that there should exist no motion in the
constrained system along which all reactions of new constraints would
vanish, then the introduction of dissipative forces in the original
system acting along those coordinates which have been removed in the con-
strained system, by the application of the additional constraints, will
make the equilibrium of the mechanical system asymptotically stable.

2. In order to limit ourselves to the most easily proved consequences
of the theorem of Barbashin and Krasovskii let us consider the system
(0.1) in the form

dx;

e pyri e P+ X (2.1)

Here Psj are bounded periodic functions of time, while X; are holo-
morphic, with respect to x;, functions with periodic coefficients, con-
tinuous and bounded.

Let dv/dt become zero only under the conditions
Fi(zy, ..., )= ... =Fy(z,...,250) =0

Naturally, if there exists a half-trajectory x,(t) satisfying these
equalities, then along it the conditions
diF,

= =0 (s==1,... ,k i=1,2,..)
dt’

are necessarily satisfied, and consequently there exists a non-trivial
solution of the equation

d'F\? ‘
T:%(dti>zo (i=0,1,...; s=1,...h

If each of the derivatives is now thought of as taken on the strength
of Equations (2.1), then the desired solution must satisfy an infinite

system of equations with variables Xy5 vy %, t. Such a case will
certainly not be found if the function ¥ for any fixed t > 0 is of de-
finite sign with respect to x;, ..., x,.

On the basis of the known theorem of Liapunov the system (2.1) can,

by means of a non-special linear transformation, be transformed into
dyi
=, = hyi+Yi

Here A; are complex numbers with non-positive real parts which split
into pairs of complex-conjugates.
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Let F;, ..., F, after substitution become ®;, ..., ®,, where their
expansions in y,, ..., ¥, are of the form
Di = by + oo by AUy

and where bip + bi,p+—1 are real numbers, b

and - bi,p+—1 are purely
1maginary.

ip
If the system of equations

bil }\‘;7/1 _%" e bin 7\'?1,7/11 =0 (s=01,...,i=1...,k)

has a matrix of rank n, then the system of first approximation, as well
as the original system (2.1), will be asymptotically stable. If it is of
lower rank than n, then the system of first approximation will not be
asymptotically stable. This will always occur if among A,;, ..., A, there
are k + 1 equal to each other. If such a case does not occur, then it is
always possible to indicate such linear parts of the function ®; that
asymptotic stability would take place for all variables.

If it should happen that the rank of the indicated matrix is equal to
n — m, then choosing n — m independent equations from the system dbo/
dt® = 0 and solving them with respect to the first n — s variables, we
substitute the result into the remaining equations. The expansions of
the result of the substitution will begin with the quadratic forms of m
variables. If among the quadratic forms one can choose a linear combina-
tion with coefficients which are dependent on time in such a way that it
represents a positive-definite form of its variables, then surely the
asymptotic stability will take place.

3. Consider a mechanical system, the kinetic emergy T of which does
not depend explicitly on ¢, g, _ 4., --., g, the last generalized co-
ordinates, while the potential energy is of the form

U = L"l ((]1, e ey qn-—k) -+ ﬁ’n—k—l—l gn—k41 + ven f"n q.,

Here F,_,,,, ..., F, are constants. Let the system be subject also
to dissipative forces with the dissipative function

1 n . -
F= 2 Bij q: q; (l > k)

ij=n—I+1

embracing the last k coordinates and a few others. If is shown in [ 7]
that the given system has a stationary solution
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d1 = .. 'qn—k ES 01 qn_k+1 = {n—-k+1 (t_tﬂ)’ ... 1‘]n= q; (t_to)
where én— ke Lt oo dn° are certain constants if they satisfy the
equations
U - o
ﬁzo (i=1,2,...,n—k), Fi 4 2 Bijgi’ =0 (=n—k+1,...,n)

j=n—k

It is shown also that if the quadratic part of the T - U expansion in
the neighborhood of the stationary motion is a positive-definite func-
tion with respect to the variations of the coordinates and velocities,
then for complete dissipation the stationary motion will be asymptotic-
ally stable.

By means of a method analogous to that of Section 1, one can show that
the asymptotic stability in the presence of partial dissipation along the
last coordinates will not exist only in the case where the equations of
perturbed motion will possess trajectories located in the region

Tnks+1= - =qp=0.

The test for sign-definiteness of the quadratic part of the T - U
function expansion can also be simplified. As was shown by Routh [8 1],

the function T expressed by means of the variables q,, ..., q,_,,
Pa_14+10 +++» Pp
n—k Lo n
2T = X \oiqigi+ D) 1P P
ij=1 ij=n—k+41

will not contain terms with products of velocity by the impulse.

Since ¢,° = ... én__k° = 0, it is easy to note that
111—1: L 1 n
0T —0U =5 Yo4°¢;9;,+ 5 D) Ty 0pidp;+
ii=1 ij=n—k+1
37,5 \° 1 n
.0 o, 0
+ 3 PG e[ 3 weter—Ui]
?fT—%gik s ij=n—k41

The first sum is a positive-definite quadratic form of the velocities,
the second is a variation of impulses, while the third and fourth sums
contain no cyclical velocities. Therefore, the conditions of sign-
definiteness are reduced to the positiveness of Apyyr ooy A, diagonal
minors of the quadratic form discriminant consisting of the last three
sums. These minors border the discriminant of the second sum, known to
be positive.
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As already shown above, the motion will be asymptotically stable with
respect to the last l coordinates, where ! > k, since the existence of
the nonperturbed motion of the type indicated presupposes the presence
of dissipation along the last k coordinates.

In the case when the nonperturbed motion is not asymptotically stable,
the equations of motion must necessarily have a particular solution

g, =¢q;()  (<n—k, g =g {—1l) (i >n—k)
whereupon the first n — k functions are not all zero.
The equations which must be satisfied by these n — k functions can be

obtained from the Lagrange function of the type

L = T (.(117 LR | é]ﬂ—k: é];_k_{_l, L] .qnov gy - - < qng,‘,) + Ul

and the last k equations will be of the form

d dT

_‘—TZO i.—:n-—k-}—l.,--v”)
‘“dqi (

or
n—k n i
Zaijqi+ 2 d’iiqi = Cj (j=n—hk+1,....n)
i=1 i=n—k+1

while the first equations

n—k n .
d < e or ol . N
E(Zaijqj—,—. Z aw(]i)—%i——dqi (i=1,..., n—k
j=1 j=n—k+1

Finally, we are led to the problem, whether the system with the
kinetic energy of the form

n—k
I'=Ty+Ty= Y %jqiq;+ ) %ijqiq;
ij=1 i<n—k
izn—k
and the potential function of the form
n . .
UI P Ul — Z aij qio qjo
ij=n—k+1
possess a motion for which the expressions
n—k n
Soaigi D) dig = (i=n—k+1,....n) (3.1)

ij,=1 j=n—k-1
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would remain constant and possibly q,_;, ;= .- 9,_ = 0, where this
motion would at all times remain arbitrarily close to the origin of the
coordinates. If the quadratic forms

n—k . n—k

62 Tg = Z .7.'1'2, o0l -= 2 )\il'i")

i==]1 io=]
are put into a canonical form by a linear transformation which is general
to both forms, and if after this transformation the expression for T will
become

Ty = 3 Bygi'n

i<n—k
j>n—~k

then the equations of first approximation will be of the form

- 0B \° o -
.’JJi‘{‘. > (ai”) 9 xy = A 7y (3.2)
sy

while the variations of their particular integrals (3.1) will be of the
form

n—~k . B, . e
Shedi+ Y () dn=a  G=a—ktlon @33

i=1 i, sgn—k

If in the last equations one can define I  k variables X, ii as
functions of the remaining ones and c,_ 17 --+s Cp, then after sub-
stitution of these solutions into (3.2) we will obtain a nonhomogeneous
system. Since a homogeneous system has no first time-independent linear
integrals, the desired particular solution will consists of a sum of a
particular solution of a homogeneous system plus a certain constant
vector. Therefore, if such a solution exists, then there exists neces-

sarily a particular solution of the homogeneous system and vice versa.

Thus, the question is reduced to the following: is there a solution
for the system (3.2) restricted by the conditions (3.3) for ¢
.=c,=0andalsog,_;,,="... go_;=0?

n—k+17

It is known not to exist if the rank of the matrix from these forms,
obtained by infinite differentiation on the strength of Equation (3.2),
is equal to n - [.

Thus, 1f the rank of the system matrix, obtained from Equations (3.3)
9p-141= 9n—p = 0 by infinite differentiation on the strength of
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Equations (3.2), is n — [, then the motion will be asymptotically stable
and only then will the motion be asymptotically stable in the first
approximation.

I am grateful to V.V. Rumiantsev and V.A. Sarychev for discussions of

this work.
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